
CONTRIBUTIONS TO GENERAL ALGEBRA 12Proeedings of the Vienna Conferene, June 3{6, 1999Verlag Johannes Heyn, Klagenfurt 2000IMPLICATIONS OF PROPERTIES CONCERNINGCOMPLEMENTATION IN FINITE LATTICESFRITHJOF DAUAbstrat. In Lattie Theory one onsiders latties with di�erent types ofomplementating operations, like omplemented latties, ortho-latties ororthomodular latties. These types an be de�ned by elementary propertiesof unary mappings (like being antitone or ful�lling de-Morgan-laws). Inthis work, twelve simple attributes whih suÆe to de�ne the most impor-tant notions of omplementations are investigated. A omplete list of validimpliations between them is presented, as well as a list of ounterexamplesfor impliations whih are not valid.1. MotivationIn [DW℄ it turned out that for a better modal understanding of triadiontexts, the lass of �nite latties with an involutorial semi-omplementationshould be investigated. In Lattie Theory there are many di�erent notions oflatties with unary omplementations, like "omplemented latties" or "ortho-latties", and in this work we want to examine how involutorial semi-omple-mentations are related to other kinds of omplementations. This is done asfollows: The most ommon notions onerning omplemented latties are bro-ken up into simpler properties suh that the di�erent notions of being om-plemented an be omposed with these properties. Between these properties,a suÆient list of valid impliations between them is presented, that meansevery valid impliation is a logial onsequene of this list. On the otherhand, a omplete list of ounterexamples for impliations whih are not validis presented, too (with "impliation" we denote formulas of �rst order pred-iate alulus of the form �1 ^ : : : ^ �n ! �n+1). In partiular, we get alldependenies between involutorial semi-omplementations and other notionsof omplementations. 2. PropertiesLet L = (L;^;_; 0; 1;?) be a �nite lattie with a unary operation ?. Thefollowing properties shall be investigated:



2 FRITHJOF DAU1. L is modular2. L is distributive3. x? = 0) x = 14. x? = 1) x = 05. x _ x? = 1 (main property for a _-semi-omplement)6. x ^ x? = 0 (main property for a ^-semi-omplement)7. x � y ) x _ (x? ^ y) = y (main property for orthomodularity)8. y � x) x ^ (x? _ y) = y (main property for dual orthomodularity)9. x?? = x (? is involutorial)10. x � y ) y? � x? (? is antitone)11. (x _ y)? = x? ^ y? (_-de-Morgan)12. (x ^ y)? = x? _ y? (^-de-Morgan)With these properties, the following lassi de�nitions an be performed:1. x? is a _-semi-omplement of x, when 4) and 5) hold.2. x? is a ^-semi-omplement of x, when 3) and 6) hold.3. x? is a (full) omplement of x, when 5) and 6) hold.4. L is an ortholattie, when ? is a full omplementation whih ful�lls 9)and 10). If 1) additionally holds, L is alled modular ortholattie.5. L is an orthomodular lattie, when L is an ortholattie and ? addition-ally ful�lls 7).6. L is a boolean lattie, when L is distributive and ? is a full omplemen-tation. 3. Examples and ContextIn �gures 1{6, the Hasse-diagrams of all latties L := (L;^;_; 0; 1;?) weneed are listed.In the �rst examples, the operation ? is indiated by dotted lines havingarrows at their ends. A double arrow between two elements x and y is to beread as x? = y and y? = x.In the further examples the elements of the lattie are labelled, and theoperation ? is given by a table. Again, a double arrow between two elementsx and y is to be read as x? = y and y? = x.Whih of the properties apply to whih examples is enoded in the followingformal ontext. Note that the dual of a lattie is denoted by the number of thelattie followed by a "d" (dual means that the order on the lattie is reversed,but the operation ? is not hanged).In �gure 8 one an see a nested diagram of the onept lattie of the ontextin �gure 7. The lattie is derived by using Formal Conept Analysis (see[GW℄). The elements of the lattie are the blak �lled points in the diagram.The diagram an be seen as the produt of an inner and an outer Hasse-diagram, and one point lies below another i� this is the ase in the inner
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Figure 1. examples 1 to 4
Figure 2. examples 5 to 8

Figure 3. examples 9 to 11diagram and in the outer diagram (for the enlosing big irles). For example,the element whih is labelled with "03" lies below the element whih is labelledwith "01", but not below the element whih is labelled with "02".Further information on nested diagrams an be found in [GW℄.4. A Basis for the ImpliationsThe following propositions yield a basis for all impliations whih hold inthe formal ontext, e.g. in the set of all examples. This has been veri�edby using the program ConImp of Peter Burmeister (see [Bu℄). This programrelies on a method of Formal Conept Analysis (see [GW℄), namely the at-tribute exploration. ConImp gives for a given formal ontext a basis (the



4 FRITHJOF DAUDuquenne-Guiges-Basis) for all impliations whih are valid in the ontext.The impliations listed in this setion are the Duquenne-Guiges-Basis for theontext given in �gure 7.Beause these impliations are all provable for �nite latties, any implia-tion whih holds in all examples holds in any �nite lattie, or, vie versa: Anyimpliation whih does not hold in every �nite lattie has a ounterexamplesamong the examples listed here.
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Figure 7. The ontextMost of the propositions are trivial or well known, but they are listed forsake of ompleteness. Nevertheless, at least the last three theorems are non-trivial.Of ourse, for every proposition the dual proposition holds, too. If a propo-sition is not selfdual, both forms are listed as formal impliations using thenumbers of the properties. But, for sake of larity, only one form is written interms and proven afterwards.Proposition 1. 2) =)1)
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function-properties of finite lattices
complement-properties of finite lattices
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03Figure 8. The onept lattieIf L is distributive, then L is modular.Proposition 2. 5) =)3) and dually 6) =)4)If the main property of a _-semi-omplement holds, then x 6= 1) x? 6= 0.Proof. Let x 6= 1. From x _ x? = 1 we onlude x? 6= 0. q.e.d.Proposition 3. 7) =)5) and dually 8) =)6).If the main property of orthomodularity holds, then the main property of a_-semi-omplement holds.Proof. x � 1 =) x _ x? = x _ (x? ^ 1) 7)= 1 q.e.d.



IMPLICATIONS OF PROPERTIES CONCERNING COMPLEMENTATION : : : 7Proposition 4. 11) =)10) and dually, 12) =)10)If _-de-Morgan holds, then ? is antitone.Proof. Let x � y. We onlude y? = (x _ y)? = x? ^ y?, so y? � x?. q.e.d.Proposition 5. 1), 5) =)7) and dually 1), 6) =)8)If L is modular and ? ful�lls the main property of a _-semi-omplement,then the main property of orthomodularity holds.Proof. Let x � y. We onlude x_ (x? ^ y) 1)= (x_x?)^ y _5)= 1^ y = y q.e.d.Proposition 6. 9), 3) =)4) and dually 9), 4) =)3)If ? is an involutorial operation whih ful�lls x 6= 1) x? 6= 0, then it ful-�lls x 6= 0) x? 6= 1, too.Proof. From 0 = 0?? = (0?)? and x 6= 1 ) x? 6= 0 we onlude 0? = 1,hene 1? = 0. Beause ? is bijetive, we gain x 6= 0) x? 6= 1. q.e.d.Proposition 7. 9), 10) =)11), 12), 3), 4)If ? is an antitone involution, then both de-Morgan-laws, x 6= 1) x? 6= 0and x 6= 0) x? 6= 1 hold.Proof. An antitone involution is an anti-automorphism. In partiular, bothde-Morgan-laws hold, and we gain 1? = 0 as well as 0? = 1. Beause ? isbijetive, we onlude x 6= 1) x? 6= 0 and x 6= 0) x? 6= 1. q.e.d.Proposition 8. 4), 5), 10) =)6) and dually 3), 6), 10) =)5)If ? is antitone and ful�lls x 6= 0) x? 6= 1 and the main property of a _-semi-omplement, then it ful�lls the main property of a ^-semi-omplement,too.Proof. Beause ? is antitone, from x ^ x? � x and x ^ x? � x? we onlude(x ^ x?)? � x? and (x ^ x?)? � x??. So we gain (x ^ x?)? � x? _ x??.Beause of the main property of a _-semi-omplement we infer x?_x?? = 1,hene (x ^ x?)? = 1. Due to x 6= 0) x? 6= 1 we ensure (x ^ x?) = 0. q.e.d.It is well known that the �nite, distributive and omplemented lattiesare, up to isomophism, exatly the �nite powersets with the set-theoretialomplement. In partiular we gainProposition 9. 2), 5), 6) =)1), 3), 4), 7), 8), 9), 11), 12).If L is distributive and if ? is a full omplementation, then all remainingproperties hold.Proposition 10. 2), 5), 11) =)2)If L is distributive, if ? ful�lls the main property of a _-semi-omplementand if the _-de-Morgan-law holds, then the ^-de-Morgan-law holds, too.



8 FRITHJOF DAUProof. First, the ^-de-Morgan-law shall be shown for _-irreduible elements.So let a; b 2 L be _-irreduible. If a and b are omparable, we gain immediately(a ^ b)? = a? _ b? beause ? is antitone. So let a and b be inomparable. Itholds a = a^(b_b?) = (a^b)_(a^b?). Beause a and b are inomparable, wegain a^b < a and, beause a is _-irreduible, a = a^b?, hene a � b?. We gaineven a?_b? � a?_a = 1, so a?_b? = 1. On the other hand (a^b)? � a?_b?holds beause ? is antitone, and so we onlude (a ^ b)? = a? _ b? = 1.Therefore the ^-de-Morgan-law is proven for _-irreduible elements.Now let x; y be arbitrary elements of L. Then x and y an be written as x =Wi=1;::: ;m ai and y = Wj=1;::: ;n bj with _-irreduible elements ai, i = 1; : : : ;mand bj , j = 1; : : : ; n. Now we ompute(x ^ y)? s.a.= (( _i=1;::: ;m ai) ^ ( _j=1;::: ;n bj))?2)= ( _i=1;::: ;mj=1;::: ;n (ai ^ bj))?11)= ^i=1;:::mj=1;::: ;n(ai ^ bj)?s.a.= ^i=1;::: ;mj=1;::: ;n (a?i _ b?j )2)= (( ^i=1;::: ;m a?i ) _ ( ^j=1;::: ;n b?j ))11)= (( _i=1;::: ;m ai)? _ ( _j=1;::: ;n bj)?)s.a.= x? _ y? q.e.d.Before proving the next theorem, the following lemma has to be shown:Lemma 1. If ? ful�lls the main properties of orthomodularity and of a ^-semi-omplement and if one de-Morgan-law holds, then ? is bijetive. Thedual holds, too.Proof. Suppose there are elements x, y with x 6= y and x? = y?. The proofis �rst done using the _-de-Morgan-law. We distinguish the following ases:1. Let x and y be omparable. W.l.o.g. let x < y. We onludey 7)= x _ (x? ^ y) s.a.= x _ (y? ^ y) 6)= x _ 0 = x2. Let x and y be inomparable. De�ne z = x _ y. It follows z > x andz? = (x _ y)? 11)= x? ^ y? s.a.= x? ^ x? = x?So the seond ase an be redued to the �rst one.



IMPLICATIONS OF PROPERTIES CONCERNING COMPLEMENTATION : : : 9In the ase of the ^-de-Morgan-law instead of the _-de-Morgan-law, simplyde�ne z = x^y (instead of z = x_y). The remaining arguments are analogousto the _-de-Morgan-ase. q.e.d.Now the next theorem an be stated:Proposition 11. 7), 6), 11) =)8), 12) and dually 8), 5), 12) =)7), 11).7), 6), 12) =)8), 11) and dually 8), 5), 11) =)7), 12)If ? ful�lls the main property of orthomodularity and a ^-semi-omplementand if one de-Morgan-law holds, then the other de-Morgan-law and the mainproperty of dual orthomodularity hold, too.Proof. Due to theorem 4, ? is antitone, and due to lemma 1, ? is bijetive.A bijetive and antitone self-mapping � of a �nite lattie is an anti-automor-phism. If an anti-automorphism � is additionally ompatible with ? (thatmeans �(x?) = �(x)?), both de-Morgan-laws hold, and with every propositionthe dual proposition holds, too. For taking � as ?, this presupposition triviallyholds, so we gain immediately the onlusions of the stated theorem. q.e.d.In proposition 11, we an additionally onlude from the given semi-omple-ment-property to the dual semi-omplement-property, too. This follows atone from theorem 3.Proposition 12. 7), 9) =)8) and dually 8), 9) =)7)If ? is involutorial and ful�lls the main property of orthomodularity, thenit ful�lls the main property of dual orthomodularity, too.Proof. For eah x 2 L we de�ne the following operation:�x : � "x ! #x?y 7! x? ^ y(where # x := fy jx � yg). First of all, it shall be shown that eah �x is anorder-isomorphism. Obviously, eah �x is well-de�ned and isotone. On theother hand, for y1; y2 � x we onlude �x(y1) � �x(y2) and therefore:y1 7)= x _ (x? ^ y1) = x _ �x(y1) � x _ �x(y2) = x _ (x? ^ y2) 7)= y2Hene every �x is even an order-embedding. In partiular, it is injetive, sowe gain j "x j � j #x? j for eah x 2 L. This impliesj � j =Xx2L j " xj �Xx2L j # x?j ?bij.= Xx2L j # xj = j � jSo in the inequation, the "�" is in fat an "=" whih yields Px2L j " xj =Px2L j # x?j. Beause we have j " xj � j # x?j for eah summand, this in turnimplies j " xj = j # x?j for eah x 2 L. So every �x is bijetive and thereforean order-isomophism.



10 FRITHJOF DAUNow de�ne:  x : � # x? ! " xy 7! x _ yFor y � x we onlude:  x(�x(y)) = x _ (x? ^ y) 7)= y. Therefore themapping  x Æ �x is in fat the identity on " x, whih implies that  x is anismorphism. For y 2#x? we obtain �x( x(y)) = y, e.g.y � x? =) y = x? ^ (x _ y)Sine ? is involutorial, we an exhange x with x? (and vie versa), whih�nally yields y � x =) y = x ^ (x? _ y) : q.e.d.Referenes[DW℄ F. Dau, R. Wille: On the Modal Understanding of Triadi Contexts. To appear inR. Deker; W. Gaul (Eds.) : Classi�ation an Information Proessing at the Turn ofthe Millennium. Proeedings of the 23rd Annual Conferene of the Gesellshaft f�urKlassi�kation e.V., University of Bielefeld 2000[GW℄ B. Ganter, R. Wille: Formal Conept Analysis: Mathematial Foundations. Springer,Berlin-Heidelberg-New York 1999.[Bu℄ P. Burmeister: ConImp - Ein Programm zur formalen Begri�sanalyse einwertiger Kon-texte. Tu Darmstadt 1987http://www.mathematik.tu-darmstadt.de/ags/ag1/Software/DOS-Programme/[Bi℄ G. Birkho�: Lattie Theory (third edition). Amer. Math. So. Coll. Publ. 25, Provi-dene, R.I. 1973Tehnishe Universit�at Darmstadt, Fahbereih Mathematik, Shlo�garten-str. 7, D{64289 DarmstadtE-mail address: dau�mathematik.tu-darmstadt.deURL: http://www.mathematik.tu-darmstadt.de/~dau


